Abstract. We investigate certain finiteness questions that arise naturally when studying approximations modulo prime powers of p-adic Galois representations coming from modular forms. We link these finiteness statements with a question by K. Buzzard concerning p-adic coefficient fields of Hecke eigenforms.
Introduction
Let p be a prime number. For theoretical and practical purposes, p-adic modular Galois representations are naturally studied through their modulo p m approximations. As explained below, with this article we would like to contribute to the "weight aspect" by presenting theoretical results, numerical data and proposing some guiding finiteness conjectures.
Although our motivation stems foremostly from Galois representations, in this article we work with modular forms and restrict to the case of classical (elliptic) modular forms, as they already present many problems that are not yet well understood. Moreover, we chose to consider approximations modulo p m for fixed m, instead of varying or "big enough" m. This choice is forced upon us by the underlying motivation of our work.
1.1. Definition of "modulo p m ". Before we explain this, we need to define the term "modulo p m ". We fix once and for all algebraic closures Q (containing Z, its ring of integers), Q p (containing Z p , the elements integral over Z p ) of Q and Q p , respectively, as well as an embedding Q ֒→ Q p , which we will tacitly be using. Let v p be the normalized (v p (p) = 1) valuation on Q p . The two natural requirements that (1) "modulo p" should mean "modulo p" when coefficients/traces lie in some extension K/Q p with p above p, and that (2) the meaning of "modulo p m " be invariant under extensions of the field of coefficients/traces, force upon us the following definition, introduced in [23] and utilized in [5] : For m ∈ N define Z/(p m ) = Z p /{x ∈ Z p | v p (x) > m − 1}. , where e K/Q is the ramification index. Moreover, by "reducing modulo p m " we understand taking the image under the natural maps Z p ։ Z/(p m ) or O ։ O/p e K/Q (m−1)+1 , respectively.
Eigenforms and Galois representations.
For N ∈ N, we let S 1 (N ) be the set of normalized Hecke eigenforms on Γ 1 (N ). The word "eigenform" always means "normalized cuspidal eigenform for all Hecke operators". The eigenvalue of any Hecke operator T n will always be denoted a n (f ); it coincides with the nth coefficient of the standard q-expansion. For f ∈ S 1 (N ) we denote by ρ f,p : G Q → GL 2 (Z p ) the attached p-adic Galois representation, where G Q is shorthand for Gal(Q/Q). For m ∈ N we denote by ρ f,p,m the reduction of ρ f,p modulo p m , i.e. the composition of ρ f,p with the map induced from Z p ։ Z/(p m ). As usual, we write ρ f,p := ρ f,p,1 .
1.3.
Motivation: the level. We now explain the motivation underlying this work by first considering the "level" aspect before treating the "weight" one, which is the content of this paper. Let q | N be a prime different from p. Ribet's famous theory of "level lowering", which is a fundamental input in the proof of Fermat's Last Theorem and of Serre's Modularity Conjecture, translates statements on the structure of ρ f,p |G q , with G q = G Qq = Gal(Q q /Q q ), into a congruence modulo p of f and some other Hecke eigenform at level N/q; for instance, if q || N , then ρ f,p |G q is unramified at q if and only if such a congruence exists. In the quest of determining (computationally or theoretically) the structure of ρ f,p |G q it is thus most natural to relate statements on ρ f,p,m |G q to statements on congruences modulo p m of Hecke eigenforms. The underlying theory of "level lowering modulo p m " has to some extent been developed, especially by Dummigan [9] but also by Tsaknias [22] , but there are still many open cases. For an application of level lowering modulo higher powers of p to Diophantine problems, see [7] .
1.4. Motivation: the weight. We now focus our attention on the "weight". By the weight aspect of Serre's Modularity Conjecture, i.e. the theorem of Khare and Wintenberger, there is a minimal weight determined by the restriction ρ f,p |G p such that in that weight there is a Hecke eigenform g of the same level as f such that f and g are congruent modulo p; conversely, such a congruence determines the shape of ρ f,p |G p . It is thus natural to approach the study of ρ f,p |G p through approximations modulo p m on the modular side, i.e. through congruences modulo p m with forms in "low" weights.
Finiteness conjectures.
For such an approach to make sense at all, it is of fundamental importance to consider certain finiteness statements. We would like to propose the following finiteness conjectures. For m ∈ N let R m (N ) denote the set of the characters of the mod p m Galois representations ρ f,p,m attached to the elements f ∈ S 1 (N ). Conjecture 1. For any N, m ∈ N such that p ∤ N , the set R m (N ) is finite.
Conjecture 2. For any N, m ∈ N such that p ∤ N , there is only a finite number of strong eigenforms modulo p m on Γ 1 (N ).
1.6. Relation between the conjectures. As in [5] , by a "strong eigenform modulo p m " we understand the reduction modulo p m of (the q-expansion of) a Hecke eigenform. Two strong eigenforms modulo p m are equal if their q-expansions are; similarly, we say that two Hecke eigenforms are "congruent modulo p m " if the reductions modulo p m of the q-expansions coincide. We stress that this convention implies, in particular, that they coincide at the "bad primes" (i.e. those dividing N p). This is precisely what makes the difference between Conjectures 1 and 2. Let us elaborate on this for a moment. Since, by definition, every element of R m (N ) comes from some strong eigenform modulo p m on Γ 1 (N ), it is clear that Conjecture 2 implies Conjecture 1. However, the (necessarily continuous) character of a Galois representation modulo p m is uniquely determined by the images of Frob ℓ for primes ℓ in any density-one set of primes (because by Chebotarev's density theorem such a set is dense), hence it does not give any information (a priori) on the coefficients at "bad primes" of the strong eigenforms modulo p m admitting this representation.
1.7. Finiteness modulo p. By work of Jochnowitz [14] , Conjecture 2, and hence Conjecture 1 are true modulo p, i.e. with m = 1. But already the case m = 2 is totally open; in fact, a result in this paper (Theorem 1) suggests that m = 2 is already the decisive case.
Characters instead of isomorphism classes.
We would like to add a word of explanation why we chose the set R m (N ) the way we did: ultimately we would like to understand the set of isomorphism classes of strongly modular Galois representations modulo p m ; if its residual (i.e. the mod p) representation is absolutely irreducible, the isomorphism class of the representation modulo p m is uniquely determined by its character, cf. [4, Théorème 1]; however, this does not necessarily hold if the residual representation is reducible. Our choice of the set R m (N ) is thus explained by our desire not to enter into details about the possible reductions modulo p m of residually non-absolutely irreducible representations.
. Consider the following statement:
For fixed N with p ∤ N we have: sup
Notice that the validity of statement (B) follows from (and is conjecturally equivalent to) Conjecture 1.1 of [3].
1.10. Relation to the finiteness conjectures. In Proposition 3 we show that Conjecture 2, and hence Conjecture 1, follow from the validity of statement (B). It is natural to wonder whether (B) can be derived from the finiteness conjectures. This turns out to be true if one has an additional finiteness statement on indices, which we explain now. Let O f,p be the valuation ring of K f,p , let p f,p be the maximal ideal of O f,p , denote by e f,p the ramification index of K f,p /Q p , and by res f,p the residue degree.
The ring O f,p has the subring Z p [a ℓ (f ) | ℓ prime with ℓ ∤ N p]. We will denote the latter by Z p [a ℓ (f )] for short. In general, the inclusion
is proper, but of finite index. The statement we need is the following "version modulo
for the subring of Z/(p m ) generated by the images of a ℓ (f ) for all primes ℓ ∤ N p; it is naturally a subring of O f,p /p e f,p (m−1)+1 . Now consider for fixed N with p ∤ N the "index finiteness" statement:
It is obvious that (I m+1 ) implies (I m ).
In connection with the condition (I m ), the reader should be reminded of the following. Let O f denote the ring of integers of the field K f = Q(a n (f ) | n ∈ N) of coefficients of f . It has been known for a long time that 
Conjecture 1 is thus equivalent to the validity of (Repr m ) for all m ∈ N. It is important to notice that we have (R m+1 ) ⇒ (R m ): any mod p m representation of the type that we are considering is in fact the reduction mod p m of some mod p m+1 representation ρ f,p,m+1 . In Section 2 we prove the following precise relationship between the conjectures. In our opinion, this sheds light on some aspect of Buzzard's question, and it places our finiteness conjectures into a framework that has already attracted some attention. 1.11. The statement (I 1 ). We note that due to the work of Jochnowitz cited above, statement (I 1 ) is equivalent to the residue degrees res f,p being bounded when f runs through S 1 (N ). Although (Repr 1 ) holds (again by Jochnowitz), we do not know how to derive (I 1 ) from it. This seems to be an open question. Of course, it is implied by (B).
1.12. More precise conjectures. It is clear that Conjecture 2 can equivalently be formulated as the statement that there be a constant k(N, p, m) depending only on N , p, m such that any strong eigenform modulo p m on Γ 1 (N ) "occurs strongly" at weight ≤ k(N, p, m). Thus, if the conjecture turns out to be true, one can ask additional questions about the dependency of these constants k(N, p, m). For explanation and discussion of Conjectures 3 and 4, as well as their relation to the finiteness conjectures, see Section 3.
1.13. The finiteness conjectures for finite slope. One test of Conjecture 1 is to ask whether it holds if we restrict the eigenforms in some way. If one restricts to eigenforms with a fixed, finite p-slope, the finiteness statement of Conjecture 1 becomes true, but then additional questions arise in the direction of the more precise, "quantitative" version of Conjecture 2. We will discuss this briefly in Section 3.2.
1.14. The special case N = 1 and p = 2. Using the theory of Serre and Nicolas, we prove Conjecture 3 in the case N = 1 and p = 2 (see Theorem 7), thus providing theoretical evidence towards our finiteness conjectures.
1.15. Numerical evidence. In Section 3.4 we provide a bit of numerical evidence towards Conjecture 3, in fact with an initial guess at the form of the constant κ(N, p, m). Lemma 2. In the above setting we have K
Connections between the finiteness conjectures

Coefficient fields. Consider the field
Proof. As f is an eigenform it suffices to prove that a q ∈ K (D) f for any prime q dividing N D. So, let q be such a prime and assume that a q ∈ K
elementwise, but not a q . Now, σf := n σ(a n )q n is again an eigenform on Γ 1 (N ) with nebentypus σǫ = ǫ ([8, Proposition 2.7]). It follows that σf − f =: n b n q n is a non-zero form on Γ 1 (N ) for which b n = 0 whenever n is prime to q. However, as is well-known, such a form does not exist ([17, Theorem 4.6.8]).
Coefficient fields over
2.3. The Galois representation. It follows from the construction of the Galois representation ρ f,p onétale cohomology and the Eichler-Shimura theorem that ρ f,p can be defined to take its image in GL 2 (O f,p ); this involves the choice of a Galoisstable lattice. If the residual representation ρ f,p is absolutely irreducible, then by a theorem of Carayol [4, Théorème 3] , the image can even be taken in Z p [a ℓ (f )]. In that case, the representation is also independent (up to isomorphism) of the chosen lattice; the character is indepedent in all cases.
Reducing ρ f,p "mod p m ", as defined in the introduction, means to compose this representation with the reduction of elements in O f,p modulo p
. The mod p m Galois representation ρ f,p,m attached to f has the usual properties such as being unramified outside N p and with (a ℓ (f ) mod p m ) equal to the trace of ρ f,p,m (Frob ℓ ) for a prime ℓ ∤ N p.
Concrete description of statement (I m ). It might be instructive to see what the condition (I m ) amounts to in concrete terms:
We can choose a Z p -basis
If we put ν s := #{i | v p (b i ) = s} for s ≥ 0 then the sequence (ν s ) does not depend on choice of basis, and we find that
Thus, the condition (I m ) is equivalent to the quantity m−1 s=0 ν s s being bounded for f running through S 1 (N ).
We will not use this concrete description anywhere in the paper, though. and hence that Conjecture 2 implies Conjecture 1. We can prove the reverse implication again under the assumption of the index finiteness conjecture, as is shown below.
2.6. Relation between the conjectures. We now establish relations between the conjectures and in particular prove Theorem 1. Let us consider the following inclusions for f ∈ S 1 (N ):
(1) Proposition 3. Fix N ∈ N and let m ∈ N. We use the notation from equation (1). 
is bounded for f ∈ S 1 (N ), then so are res f,p and e f,p , implying (B).
(5) As we are assuming (B) there is a finite extension K of Q p of bounded degree such that any f ∈ S 1 (N ) has coefficients in O, the valuation ring of K. If p is the prime of O above p then this means that any representation ρ f,p,m attached to an f ∈ S 1 (N ) as above has image in the finite group G := GL 2 (O/p γ ), where γ := e(K/Q p )(m − 1) + 1. Hence, #G is bounded. There is thus only a finite number of possibilities for the Galois group of the extension L/Q cut out by a ρ f,p,m . In particular, the degree [L : Q] is bounded. Furthermore, such an L is unramified outside N p. For each prime divisor ℓ of N p the degree of a completion L l over Q ℓ is bounded, and so there are only finitely many possibilities for L l /Q ℓ . Thus, the discriminant of L/Q is seen to be bounded, and hence there are only a finite number of possibilities for L/Q. For each L/Q there are only finitely many equivalence classes of representations Gal(L/Q) ֒→ GL 2 (O/p γ ), and thus R m (N ) is finite, i.e., we have statement (Repr m ). (5) and (3). Conversely, (I 2 ) and (Repr 2 ) imply the boundedness of #C 2 (f ) for f ∈ S 1 (N ) by Proposition 3(7); thus we obtain (B) by Proposition 3(4). (N ) is the kind of object that we have considered in the previous section, i.e., the reduction modulo p m of a classical eigenform in Let f be an eigenform modulo p m in either of the two senses above. We say that f occurs strongly resp. weakly at a specific weight k 0 if there is a strong resp. weak eigenform in S k0 (Γ 1 (N ), Z/(p m )) equal to f .
3.
As we remarked in the introduction, Conjecture 2 can now equivalently be formulated as the statement that there be a constant k(N, p, m) depending only on N , p, m such that any strong eigenform modulo p m on Γ 1 (N ) occurs strongly at weight ≤ k (N, p, m) . We call such a constant -if it exists -a strong weight bound for strong eigenforms modulo p m on Γ 1 (N ). Similarly, the constant from Conjecture 3 -again if it exists -will be called a weak weight bound for strong eigenforms modulo p m on Γ 1 (N ). Hence, Conjectures 2 and 3 state the the existence for any m of a strong resp. weak weight bound for strong eigenforms modulo p m on Γ 1 (N ).
It is clear that Conjectures 3 and 4 together imply Conjecture 2 and hence Conjecture 1. This is the chief reason for introducing these additional conjectures: we find Conjecture 4 plausible, and we shall present, in Sections 3.3 and 3.4 below, some theoretical and numerical evidence towards Conjecture 3. Thus, the point is that we see further work on Conjectures 3 and 4 as a possible approach to Conjecture 2 and hence Conjecture 1.
Notice that we could have strengthened Conjecture 3 to say that any weak eigenform modulo p m occurs weakly at some weight bounded by a function of N , p, m. However, in this paper we want to consider only the version above since Conjecture 1 is our principal interest. Also, the numerical evidence that we shall present below in 3.4 concerns Conjecture 3 in its current shape rather than the strengthened version that would require considerably more computational work to test.
It is important to point out that although Conjecture 2 clearly implies Conjecture 3, the reverse implication is by no means clear. This is due to the fact that there might well exist infinitely many weak eigenforms modulo p m at a fixed weight. This was pointed out by Calegari and Emerton in [3] , and the reasoning is as follows. Suppose that we have eigenforms f and g in some S k (Γ 1 (N 
Suppose for simplicity that their coefficient fields are unramified over Q p so that p generates the maximal ideal of their valuation rings. Let us write the forms like this: f = ϕ + pf 1 and g = ϕ + pg 1 with modular forms ϕ, f 1 , g 1 . The eigenvalues of some Hecke operator T on f and g are λ = α + pλ 1 and µ = α + pµ 1 .
Let a, b be in the maximal unramified extension of Z p such that a + b is invertible. Put
Note ph a,b ≡ pϕ (mod p 2 ), independent of a and b. This yields
Since f ≡ g (mod p 2 ) there exists some Hecke operator T for which the λ 1 and µ 1 are not both 0. It is then obvious that the eigenvalue of that T on h a,b can take infinitely many different values by varying a and b.
Of course, the same argument works mutatis mutandis with more general coefficients and also generally in a situation where f ≡ g (mod p m ), but f ≡ g (mod p m+1 ).
3.2.
Strong weight bounds for fixed finite p-slope. In this subsection we suppose p ≥ 5 and as before we fix N ∈ N with p ∤ N . Let
be an eigenform. We can embed f into the space
and coefficients in Z p . The Atkin U p operator acts on this space with effect on q-expansions as U p ( b n q n ) = b pn q n . The form f gives rise to two eigenforms in Proof. The theorem mentioned above, i.e., local constancy of dimensions of generalized [6, Theorem D] , [24, Theorem 1.1], implies that the dimension of any such eigenspace is bounded above by a function depending only on the data N , p, and α ∈ Q ≥0 . As a consequence, if f is an eigenform on Γ 1 (N ) of fixed p-slope α then the field of coefficients K f,p has degree over Q p bounded by a function of N , p, and α ∈ Q ≥0 (because the eigenspace in question is stabilized by the Hecke operators and thus the eigenvalues in question arise via diagonalizing Hecke operators in a space of bounded dimension.) Now, Proposition 3 applied with the set of slope α eigenforms on Γ 1 (N ) instead of S 1 (N ) shows the claim.
Corollary 5.
There is a constant k(N, p, m, α) depending only on N , p, m, α such that to any eigenform on Γ 1 (N ) of p-slope α there is an eigenform of the same type and of weight ≤ k(N, p, m, α) with the same Hecke eigenvalues modulo p m as the given one for all Hecke operators T ℓ with ℓ a prime not dividing N p.
One can ask whether there is a similar constant k ′ (N, p, m, α) such that to any eigenform f on Γ 1 (N ) of p-slope α there is an eigenform g of the same type and of weight ≤ k ′ (N, p, m, α) such that f ≡ g (mod p m ), i.e., whether the analog of Conjecture 2 for finite, fixed slope is true.
In fact, this turns out to be the case: in the preprint [15] , J. Mahnkopf uses an analysis of the trace formula to embed modular forms of fixed, finite slope into families, albeit not in the rigid analytic sense. His Theorem G of that preprint implies the existence of such constants k(N, p, m, α) and k ′ (N, p, m, α), and in fact gives explicit values for both of these. We will not write down these values as they are a bit involved, but only note that they will depend on the dimensions of certain generalized U p eigenspaces. One is led to the following question.
Question 1.
What is the optimal shape of the above constants k(N, p, m, α) and
We would like to additionally observe the following. In connection with this question it is natural first of all to think about utilizing Coleman's theory of p-adic families of modular forms. However, it seems that the current state of this theory does not lead to an answer to the above question, at least not in any immediately obvious way. Let us briefly explain this point.
The following statement is a consequence of Coleman's theory (see [6, Corollary B5.7 .1]; the proof is only sketched in [6] , but see [25, Section 2] for a detailed proof):
Suppose that f 0 ∈ S k0 (Γ 1 (N ) ∩ Γ 0 (p), Z p ) is a p-new eigenform of slope α and with k 0 > α + 1. Then there exists t ∈ N such that the following holds: whenever m, k ∈ N where k > α + 1 and
We can refer to the number t as the "radius" of the p-adic analytic family passing through f 0 . The following question naturally arises. Question 2. Is the above radius bounded above by a constant depending on N , p, α, but not on f 0 ?
Clearly, an affirmative answer to this question together with an explicit upper bound would instantly lead to an explicit value for the constant in Corollary 5.
However, the late Robert Coleman confirmed in an email exchange (August 2013) with the first author that current knowledge about the properties of p-adic analytic families of modular forms does not warrant an affirmative answer to Question 2.
3.3. Weak weight bounds modulo 2 m at level 1. In this section we need to bring in some standard Eisenstein series on SL 2 (Z) and discuss the full algebra of modular forms on SL 2 (Z). However, as above, we will still reserve the word "eigenform" for "normalized cuspidal eigenform for all Hecke operators" since this is our main focus.
Denote as usual by Q := E 4 and R := E 6 the normalized Eisenstein series on SL 2 (Z) of weight 4 and 6, respectively, and by ∆ Ramanujan's form of weight 12. We write M k (A) for the set of modular forms on SL 2 (Z) of weight k and coefficients in a commutative ring A. We use the naive definition of "coefficients in A", i.e., so that M k (A) = M k (Z) ⊗ A. Similarly, S k (A) will denote cusp forms on SL 2 (Z) with coefficients in A.
Given an even integer k ≥ 4, one knows, cf. for instance [16, Theorem X.4.3] , that the forms of shape
with 4a + 12c = k (k ≡ 0 (mod 4)) and 4a + 12c = k − 6 (k ≡ 2 (mod 4)), form a basis for the space of modular forms of weight k with coefficients in Z, i.e., every modular form with q-expansion in Z[ [q] ] is a Z-linear combination of the above basis forms.
, and
Here, we have abused notation slightly, denoting again by Q, R, ∆ the images in the appropriate M k (Z/(2 m )) of the forms Q, R, ∆.
In this expansion of f the coefficients α a,c ∈ Z/(2 m ) are uniquely determined. Thus, we can make the following definition.
Definition 6. For f ∈ S k (Z/(2 m )) define the degree deg m f of f to be the highest power of ∆ occurring in the expansion of f as above.
In situations where m does not vary and it is clear what it is, we may suppress the m from the notation and just write deg f for deg m f .
We shall prove the following weak weight bound for eigenforms modulo powers of 2.
Theorem 7. There exists a constant C(m) depending only on m such that whenever f ∈ S k (Z/(2 m )) is a weak eigenform then:
Any such form is the reduction modulo 2 m of a form of weight bounded by a constant κ(m) depending only on m, that can be taken to be 12C(m) for m = 1, 2, 3, and to be 6 + 2 m−2 + 12C(m) if m ≥ 4.
In particular, Theorem 7 verifies Conjecture 3 for the case N = 1, p = 2, and arbitrary m.
In the proof we shall make use of the following theorem of Hatada, see [11, Theorem 1] (and [12] for further results).
Proposition 8 (Hatada) . Let f ∈ S k (SL 2 (Z)) be an eigenform. Then for any prime p:
We note that from a more recent perspective, Hatada's result for cusp forms follows immediately by weight optimization for eigenforms mod 2 as there are no non-zero cuspidal eigenforms mod 2 in weights 2 and 4.
Corollary 9. Suppose that f is a weak eigenform modulo 2 on SL 2 (Z).
Then f = (∆ (mod 2)) and so the T p eigenvalue attached to f is 0 mod 2 for any prime p.
Proof. The result follows immediately from Theorem 8 because the notions of weak and strong eigenforms modulo a prime p amount to the same, cf. the discussion of [5, Section 2.5]. However, we will provide the simple argument here: Let f be a weak eigenform modulo 2 on SL 2 (Z). By the Deligne-Serre lifting lemma, cf. [8, Lemme 6 .11], we know that there is an eigenform F in some M k (Z 2 ) such that, for any prime p, the T p eigenvalue attached to F reduces modulo 2 to the one attached to f . As f and F are normalized one deduces f = (F (mod 2)). On the other hand, Theorem 8 implies that any two eigenforms on SL 2 (Z) are congruent modulo 2 and hence congruent to ∆ modulo 2.
Secondly, the proof of Theorem 7 will utilize certain results of Nicolas and Serre, cf. [19] . We shall summarize what we need from that paper in the next subsection.
3.3.1. Serre-Nicolas codes. In this subsection we work exclusively with modular forms mod 2 on SL 2 (Z).
As Q ≡ R ≡ 1 (mod 2), the algebra of modular forms mod 2 of level 1 is F 2 [∆]. We call an element of F 2 [∆] even resp. odd if the occurring powers of ∆ all have even resp. odd exponents. By [19] , Section 2.2, the subspaces of even and odd elements are both invariant under the action of every Hecke operator T ℓ where ℓ is an odd prime. If f ∈ F 2 [∆] we can write, in a unique fashion,
where f e and f o are even and odd, respectively. In this subsection we will prove the following Proposition on the basis of results in [19] , particularly Section 4.
Proposition 10. For every odd integer k ≥ 0, there exists a constant N (k) depending only on k such that, whenever f ∈ F 2 [∆] is odd with
We need to recall some definitions from [19] , Section 4.
Definition 11. Let k ≥ 0 be an integer, and write it in a binary expansion:
The ordered pair [n o (k), n e (k)] is called the code of k, and we denote it by co (k).
The map k → co (k) defines a bijection between the set of odd (resp. even) nonnegative integers and (Z ≥0 )
2 . Note that n o (2l+1) = n o (2l), n e (2l+1) = n e (2l), and h(2l + 1) = h(2l).
Definition 12.
If k, l ≥ 0 are integers, then we say l dominates k, and we write k ≺ l or l ≻ k if we have h(k) < h(l), or h(k) = h(l) and n e (k) < n e (l). We say that co (k) co (l) if k l.
The relation thus defined is a total order on the set of odd (resp. even) nonnegative integers, and is a total order on the set of codes.
is odd, i.e., all m i are odd. Assume that:
We then define dom (f ) := m r and we call it the dominant exponent of f . We also define: co (f ) := co (dom (f )),
If f = 0 we define all of the above quantities to be 0.
The Proposition follows by combining Propositions 4.3 and 4.4 of [19] .
Proof of Proposition 10. If n o (f ) = n e (f ) = 0 then co (f ) = [0, 0], and hence dom (f ) = 1, i.e. f = ∆. If we take care to ensure that our definition N (k) is such that N (k) ≥ 1 in any case, we may thus assume that h(f ) = n o (f ) = n e (f ) ≥ 1. Assume now that sup{deg T 3 (f ), deg T 5 (f )} ≤ k for some odd, positive integer k.
Case 1: n o (f ) ≥ 1. Define ϕ(l) to be the unique odd nonnegative integer with code [n o (l) + 1, n e (l)]. Then it is easy to check that whenever l l ′ , we have ϕ(l) ϕ(l ′ ). We have dom (f ) = ϕ(l) for some odd l. By Proposition 14, we see that then dom (T 3 (f )) = l so that l ≤ k. Let s be the supremum of the set {1, 3, 5 · · · , k} with respect to the order relation . Then dom (f ) ϕ(s). But the set {t| t ϕ(s)} is finite, hence there exists N (k) depending only on k such that deg f ≤ N (k).
Case 2: n e (f ) ≥ 1. The argument in this case is similar to that of Case 1, with ϕ(l) being the unique odd nonnegative integer with code [n o (l), n e (l) + 1].
3.3.2.
Bounding the weight. Before the proof of Theorem 7 we need the following theorem that is a slight generalization of [21, Théorème 1] . The proof in [21] generalizes immediately, mutatis mutandis.
Theorem 15. Let f and g be modular forms on SL 2 (Z) with coefficients in the valuation ring of some finite extension K of Q 2 and weights k and k 1 , respectively.
Assume that at least one of the coefficients of f is a unit and that we have f ≡ g (mod 2 m ) for some m ∈ N. Then
Concerning the proof we recall our definition of (mod 2 m ): If v is the valuation extending the normalized valuation v 2 on Q 2 , i.e., v = 1 e v p where e is the ramification index of K/Q 2 , the prime of K is p, and v p is the normalized valuation on K, then f ≡ g (mod 2 m ) means that v(a n (f ) − a n (g)) > m − 1 for all n. Working with v in the proof given in [21] , one obtains the result. Of course, there is a version of the theorem for odd primes, but we will not need that.
Proof of Theorem 7. Let us first show that the last statement of the theorem, i.e., the weak weight bound, follows from the first. From the first statement, any weak eigenform modulo 2 m is the reduction of a form that can be written as a linear combination of monomials Q a ∆ c , or RQ a ∆ c , and where c ≤ C(m). Now, from the q-expansion of Q we have that Q ≡ 1 (mod 2 4 ) whence Q We now show the existence of the constant C(m) by induction on m. For m = 1, the result is classical, and it is implied by Corollary 9 that we can take C(1) = 1. 
Replacing f by f Q 2 s with a sufficiently large s, we may assume that k ≥ k 1 + 6.
) and so the form
is of weight k, and has the same reduction modulo 2 m−1 as f . In the cases 2 ≤ m ≤ 4 one also finds a form g 1 with these properties, by taking g 1 := g · Q r when k ≡ k 1 (mod 4), and g 1 := g · RQ r when k ≡ k 1 + 2 (mod 4) with the appropriate power r. It works because Q ≡ R ≡ 1 (mod 2
3 ). Also, the highest power of ∆ occurring when we expand g 1 in a sum of monomials in Q, ∆, and, possibly, R, is bounded from above by C(m−1). This follows because g has that same property. By the argument in the beginning of the proof, it follows that the form g 1 is congruent modulo 2 m to a form g 2 of weight bounded by a constant w(m) depending only on m (specifically, one can take the weight bound from the beginning of the proof with C(m) replaced by C(m − 1).) Clearly then, if p is any prime number we must have deg m T p g 1 = deg m T p g 2 ≤ 1 12 w(m).
Consider now that we have
with some modular form h with coefficients in Z 2 and weight k. Now, h (mod 2) is a polynomial in ∆, and if we can bound the degree of this polynomial we are done.
Let λ 2 , λ 3 and λ 5 be respectively the eigenvalues of the operators T 2 , T 3 , and T 5 associated to f . By Corollary 9, we know that λ 2 ≡ λ 3 ≡ λ 5 ≡ 0 (mod 2). Thus for p ∈ {2, 3, 5}, we have: for p ∈ {2, 3, 5}. Now split (h (mod 2)) into even and odd parts as explained above:
(h (mod 2)) = h e + h o .
We have
for p ∈ {2, 3, 5}. Consider the classical U and V operators on mod 2 modular forms. For the even part h e we have h e = φ 2 = V (φ) for some mod 2 modular form φ. Since T 2 ≡ U (mod 2), we see that:
T 2 h e = U V (φ) = φ. It is natural to ask for an explicit "formula" for the constants C(m), but we have not been able to find one. For any given m, though, a constant C(m) that works in Theorem 7 can in principle be determined, the main obstacle being determining constants N (·) that work in Proposition 10. We give now examples for the low values m = 1, 2, 3, 4.
We have C(1) = 1 as already remarked and used in the above. To determine constants C(m) for m = 2, 3, 4, we refer back to the inequalities appearing at the end of the proof of Theorem 7: We also check that the function N is non-decreasing on the set of odd integers k such that 1 ≤ k ≤ 100. The calculation of the values of C(m) are summarized in the following table: is a general bound. If it is, we feel that it would be suggestive of a relatively "elementary" reason for that bound. We hope to return to this question elsewhere.
The computations were done in MAGMA, cf. [1] .
